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When an electrically charged black hole is perturbed its inner horizon becomes
a singularity, often referred to as the Poisson-Israel mass inflation singularity.
Ori constructed a model of this phenomenon for asymptotically flat black holes,
in which the metric can be determined explicitly in the mass inflation region.
In this paper we implement the Ori model for charged AdS black holes. We find
that the mass function inflates faster than the flat space case as the inner hori-
zon is approached. Nevertheless, the mass inflation singularity is still a weak
singularity: although spacetime curvature becomes infinite, tidal distortions
remain finite on physical objects attempting to cross it.
Contents
1 Introduction 2
2 Ori model: the set-up 3
3 Mass Inflation for Charged AdS Black Hole 7
3.1 Exponential fall-off . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
3.2 Logarithmic fall-off . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
4 Conclusions 11
A Ori model: further details 12
B Strength of the mass inflation singularity 14
ar
X
iv
:1
60
4.
03
73
0v
2 
 [h
ep
-th
]  
20
 Ju
n 2
01
6
1 Introduction
Classical internal structure of a charged or rotating black hole is very different from that of
the Schwarzschild black hole. The central singularity, which is typically timelike for a charged
or rotating black hole, is surrounded by an inner event horizon, which is a surface of infinite
blueshift. Linearised perturbation gets amplified by the geometry near the inner horizon [1, 2, 3].
It is generally believed that the inner horizon1 is a singular surface — the singularity arising
from the back reaction of the blue-shifted perturbation. This singularity drastically changes the
internal structure of the black hole.
Despite decades of work, the precise nature of the expected singularity and the resulting
spacetime structure in sufficiently general settings is still far from fully understood. Detailed
numerical simulations [5, 6, 7] and rigorous proofs [8, 9, 10] have clarified the situation con-
siderably in asymptotically flat setting, though little is known about the internal structure of
black holes in asymptotically anti-de Sitter (AdS) or other boundary conditions. A good un-
derstanding of the classical internal structure of black holes is the first step in attempting to
see its manifestations in AdS/CFT scenarios. In this paper we present a study of the internal
structure of charged AdS black holes.
A key milestone in discussions of internal structure of black holes is the Poisson-Israel mass
inflation phenomenon [11], first explored for charged asymptotically flat black holes. In their
pioneering work, Poisson and Israel proposed a simple model to explore the back reaction effects
of the blue-shifted perturbations on Reissner-Nordstro¨m black hole. This perturbation can cor-
respond to the back-scattering of the emission carrying away non-spherical inhomogeneities from
the surface of a star undergoing gravitational collapse. The decay rate of such inhomogeneities
is governed by the Price’s law [12, 13]: the in-falling flux decays as a power law in the advanced
time v.
Poisson and Israel modelled the ingoing perturbation in the background of the Reissner-
Nordstro¨m black hole as a spherically symmetric stream of massless particles. The Reissner-
Nordstro¨m geometry is converted into charged Vaidya spacetime with such a stream present.
The singularity of this charged Vaidya spacetime was explored by Hiscock [14], where it is shown
that the inner horizon of a charged Vaidya spacetime is singular, though the singularity is rather
weak. Various curvature scalars remain finite at the inner horizon. Although tidal forces along
the path of an in falling observer diverge, tidal distortions on a physical object attempting to
cross it remain finite.
Poisson and Israel argued that this situation is drastically changed if one considers in addition
to the influx, an outflux of massless particles. The outflux represents back-scattering of the
ingoing particles once they are inside the outer event horizon. In the presence of this cross-flow
an exact solution of the Einstein-Maxwell equations is not known. Nevertheless, by a detailed
analysis of the equations of motion, Poisson and Israel showed that the effective mass parameter
of the internal spacetime diverges as the inner horizon is approached. In fact, the inner horizon
becomes a curvature singularity, for example, the curvature scalar RabcdR
abcd blows up at the
1In this paper, the phrase inner horizon refers to the ingoing Cauchy horizon. The outgoing Cauchy horizon
is also singular [4], but that topic we do not address in this work.
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inner horizon.
The mechanism responsible for the mass inflation phenomenon is the presence of both ingoing
and outgoing fluxes of radiation. Shortly after the Poisson-Israel analysis, Ori [15] developed
an explicit exact solution for this phenomenon. His key observation was that the mass inflation
phenomenon is not sensitive to the details of the outgoing radiation, but merely to its presence2.
Ori modelled the outgoing radiation as a delta function shell, thus reducing the Poisson-Israel
model to matching two patches of charged Vaidya spacetimes along a thin-layer of outgoing null
radiation. An explicit solution can then be constructed everywhere. One finds that in this model
the mass-inflation singularity is a null curvature singularity. Although some of the curvature
scalars diverge, tidal distortions on physical objects attempting to cross it remain finite.
In this paper, we analyse the phenomenon of mass inflation along the lines of the Ori model
for spherical black holes in global AdS spacetime. The rest of the paper is organised as follows.
In section 2 we review basic ingredients of the Ori model. We discuss gluing of two charged
Vaidya spacetimes across an outgoing null shell. The mass function of the external charged
Vaidya spacetimes is an input in this model.
Unlike the asymptotically flat case, for black holes in global AdS there are no power law
tails for decaying perturbation [16]. As a first guess, one might expect that the late time decay
is governed by the lowest lying quasinormal mode. With this as motivation, in section 3 we
first assume an exponential decay behaviour of the mass function with respect to the advanced
time in the external charged Vaidya spacetime and analyse the Ori model. We take a weak
exponential fall-off for this analysis, as in the large angular momentum limit quasinormal modes
are long lived [19, 20, 21].
Interestingly, such a simple guess may not be the correct answer. Holzegel and Smulevici
[22] showed that the decay of generic scalar perturbation in Kerr AdS spacetimes is actually
logarithmic. Motivated by this analysis, in section 3 we also study the Ori model of mass inflation
with logarithmic fall-off behaviour of the mass function. Arguably, our model overlooks many
aspects of the Holzegel-Smulevici analysis, it does capture some of the key features. We end
with a brief discussion in section 4. In appendix A more details on the Ori model are presented,
and in appendix B strength of the mass-inflation singularity is analysed. Whether our model
captures the physics of mass-inflation phenomenon correctly in AdS can only be confirmed by
future numerical or mathematical work.
2 Ori model: the set-up
We start with the charged Vaidya solution in d space-time dimensions,
ds2 = −f(r, v)dv2 + 2dvdr + r2dΩ2d−2. (2.1)
The metric function f(r, v) is
f(r, v) = 1− 2m(v)
rd−3
+
q2
r2(d−3)
+
r2
l2
, (2.2)
2The crucial point is that the presence of the outgoing radiation results in the separation between the inner
event horizon and the inner apparent horizon.
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Figure 1: Penrose diagram of the spacetime formed by matching two charged Vaidya spacetimes
along the thin null shell S (thick green line). The thick red lines are the inner and the outer
apparent horizons. The dotted lines are the event horizons of the background geometry (mass
mf , cf. (2.14)).
with AdS length l2 = − (d−1)(d−2)2Λ and Λ is the cosmological constant. The constant q parame-
terizes the electric charge of the black hole, and v is the advanced null coordinate. The function
m(v) represents dependence of hole’s mass on the advanced time; it is determined by the flux of
ingoing radiation. We shall assume that the function f always has two real positive roots in the
static limit. In order for this to happen the mass, charge, and Λ must satisfy certain constraints,
a discussion of which can be found in [23].
The Ori model consists in two charged Vaidya solutions respectively in region I and region
II matched along the null shell S, cf. Fig. 1. The shell S is situated between the outer and
(outgoing) inner horizon. Let v1 and v2 be the advanced times of region I and II respectively.
The preliminary junction condition across the null shell requires that the metric tensor be
continuous across S. Thus coordinate r is continuous. Furthermore, the null fluid along the
shell is assumed to be electrically neutral and pressureless. This ensures that λ is an affine
parameter of both sides of the shell [24, 25, 15].
Let us assume that the shell’s null generators are parametrized by an affine parameter λ
which is zero at the inner horizon and is negative below it, i.e., λ increases with time coordinates
vi, i = 1, 2 . The null generators are characterized by R(λ) — the radius of the shell S — and
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an advanced time vi(λ). The nullity condition of the shell demands,
R˙(λ)
v˙i(λ)
=
1
2
fi(R(λ), vi(λ)), (2.3)
where over-dot denotes derivative with respect to λ. The geodesic equation for null generators
gives,
v¨i = −1
2
[v˙i(λ)]
2 (∂rfi(r, v))
∣∣∣
r=R(λ),v=vi(λ)
. (2.4)
The two equations, namely the nullity condition (2.3) and the geodesic equation (2.4), can
be combined to give equations that can be readily integrated. Defining
zi(λ) =
R(λ)d−3
v˙i
, (2.5)
the nullity condition (2.3) can be recast as
zi(λ)R˙(λ) =M(R(λ))−mi(vi(λ)), (2.6)
where it is convenient to define a function M(r)
M(r) := 1
2
rd−3
[
1 +
q2
r2(d−3)
+
r2
l2
]
= mi(vi) +
1
2
rd−3fi(r, vi). (2.7)
Differentiating zi(λ) with respect to λ, the geodesic equation (2.4) can be recast as,
z˙i(λ) =
1
2
[
∂r(r
d−3fi(r, v))
] ∣∣∣
r=R(λ),v=vi(λ)
= ∂rM(r)
∣∣∣
r=R(λ)
. (2.8)
Equations (2.5), (2.7), and (2.8) are the key equations; they give rise to the following three
matching equations:
zi(λ) = Zi +
∫ λ
0
∂rM(r)
∣∣∣
r=R(ξ)
dξ, (2.9)
vi(λ) =
∫ λ Rd−3(ξ)
zi(ξ)
dξ, (2.10)
mi(vi(λ)) = M(R(λ)) − zi(λ)R˙(λ). (2.11)
In equation (2.9) the Zi’s are integration constants. We have ignored any integration constant
associated with v as it is irrelevant — adding a constant to coordinate vi does not make any
physical difference. Let the mass functions of two patches are related by
m2(v2) = m1(v1) + ∆m(v2), (2.12)
where ∆m(v2) is the mass energy of outgoing null shell S. Equation (2.11) yields,
m2(v2(λ))−m1(v1(λ)) = ∆m(v2(λ)) = (Z1 − Z2)R˙(λ). (2.13)
5
The constant Z1 and the function R(λ) are determined by the fact that in region I, charged
Vaidya solution is nothing but a slightly perturbed Reissner-Nordstro¨m solution. We write the
mass function in the form
m1(v1) = mf − δm1(v1), (2.14)
where mf is the final mass of the hole, and δm1(v1) represents the mass associated with the
radiative tail which dominates the late-time behaviour of decaying perturbation. As v1 → ∞,
δm1(v1)→ 0, i.e., m1(v1)→ mf .
The inner (Cauchy) horizon of the background geometry is at r = r−, v1 →∞. The numerical
value of r− is determined by the final mass mf of the black hole. We evaluate equations (2.9) and
(2.10) in the vicinity of the inner horizon, i.e., as the affine parameter on the shell λ approaches
zero. Substituting R(λ) ≈ r−, equation (2.9) gives
zi(λ) ≈ Zi − κ−rd−3− λ, (2.15)
where
κ− := − 1
r−d−3
∂rM(r)
∣∣∣
r=r−
= −1
2
∂rf1(r, v1 →∞)
∣∣∣
r=r−
. (2.16)
We also have from equation (2.10),
vi(λ) ≈
∫ λ rd−3−
Zi − κ−rd−3− ξ
dξ = − 1
κ−
ln
∣∣∣∣∣ Ziκ−rd−3− − λ
∣∣∣∣∣ (2.17)
Since as v1 → +∞, λ→ 0, we must have Z1 = 0. This implies,
λ ≈ −e−κ−v1 , (2.18)
in the vicinity of the inner horizon. The relation between the advanced time v2 and λ can also
be determined from equation (2.10) and using the fact that in the region3 λ ≈ 0, R(λ) ≈ r−,
v2(λ) ≈
rd−3− λ
Z2
. (2.19)
Since v2 is proportional to λ, the inner horizon in the region II is at v2 equals to zero. The mass
inflation corresponds to the statement that m2(v2) diverges asv2 approaches zero.
Equation (2.13) now becomes
∆m(v2(λ)) = −Z2R˙(λ). (2.20)
Since R˙(λ) is negative inside the hole, we must have Z2 to be positive in order to have positive
mass energy for the thin-shell. To determine R(λ) we recall from the nullity condition (2.3)
that,
dR(v1)
dv1
=
1
2
f1(R(v1), v1), (2.21)
3For the shell S to be non-trivial we must have Z2 6= 0, cf. (2.13).
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or equivalently,
dR(v1)
dv1
=
1
R(v1)d−3
[M(R(v1))−m1(v1)] . (2.22)
The late-time solution of this equation clearly depends on the nature of the mass function (2.14).
We address the issue of the choice of the mass function and the integration of the radial equation
in the next section. Expanding M(R(v1)) in equation (2.22) around r = r− with
R(v1) = r− + δR(v1), (2.23)
we get,
d
dv1
δR(v1) ≈ 1
rd−3−
[
−κ−rd−3− δR(v1) + δm1(v1)
]
. (2.24)
In obtaining this equation we have used the fact that m1(v1) + δm1(v1) = M(r−) = mf , the
final mass of the hole.
Equation (2.24) is the final equation for this section. So far we have not used any information
about the asymptotic conditions of the spacetime. Therefore, this analysis is sufficiently general
and is applicable to AdS black holes as well. In the next section we consider AdS boundary
conditions and evaluate the growth of the perturbation near the Cauchy horizon.
3 Mass Inflation for Charged AdS Black Hole
The late time behaviour of a decaying field in the charged AdS black hole background is the
key ingredient needed to proceed further. In asymptotically flat case, Price’s law dictates the
late time behaviour of a decaying field. The specific power law decay behaviour arises due to
scattering off a weak Coulomb potential near infinity. For asymptotically AdS black hole, the
potential diverges at infinity. Reference [26] studied the late time behaviour of solutions of wave
equations for a broad class of potentials. Their results in the global AdS setting imply that
there are no power law tails for AdS black holes [16].
Therefore, as a start, one might expect that the late time decay is governed by the lowest
lying quasinormal mode.4 The quasinormal mode spectrum for charged black holes in AdS
has been explored by many authors [27, 28, 29, 30]. In the large angular momentum limit
quasinormal modes in asymptotically globally AdS spacetimes are long lived [19, 20, 21]. This
behaviour is essentially due to the fact that the high angular momentum parts of a perturbation
have to tunnel through a large angular momentum barrier. Holzegel and Smulevici [22] have
shown that the decay of a generic scalar perturbation in Kerr-AdS is logarithmic. They argued
that this slow decay is due to “a stable trapping phenomenon” for Kerr-AdS spacetime, which
in turn is a consequence of the reflecting boundary conditions at infinity. The spectral weight
of the perturbation also shifts to higher and higher angular momentum modes as time passes.
These effects certainly have implications for the internal structure of AdS black holes. A detailed
study of all such effects is beyond the scope of the present work.
4Reference [17] studied mass inflation for 2+1 dimensional rotating BTZ black hole taking the late time fall-off
to be power law. The issue of correct fall-off behaviour was addressed separately in [18] by the same authors.
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Motivated by this, in this section we consider (i) the exponential fall-off and (ii) the loga-
rithmic fall-off for the late time behaviour of the mass function δm1(v1). We analyse the Ori
model for these cases.
3.1 Exponential fall-off
To get started, we first assume an exponential decay behaviour of the mass function. Let us
take the asymptotic form of δm1(v1) to be,
δm1(v1) ∝ e−ωIv1 (3.1)
where ωI is the imaginary part of the lowest quasinormal mode and we take it to be of the form,
ωI = ακ+, (3.2)
where α is some dimensionless constant, and κ+ is the surface gravity of the outer event horizon
of the final black hole. Since quasinormal modes at large angular momentum are long lived
[19, 20, 21], α can be as small as we want.
Equation (2.24), being a first order linear ordinary differential equation, can be straightfor-
wardly solved using the method of integrating factor. The solution is,
δR(v1) = e
−κ−v1
[∫ v1 δm1(ξ)
rd−3−
eκ−ξdξ +B
]
, (3.3)
which yields the following expression for δR(v1),
δR(v1) =
A
(κ− − ακ+)e
−ακ+v1 +Be−κ−v1 , (3.4)
where A,B are two constants. We have absorbed certain dimension dependent factors in these
constants as well. From equations (2.20) and (2.18) we get in the v1 →∞ limit,
∆m2(v1) = −Z2dR(v1)
dv1
dv1
dλ
∝ e(κ−−ακ+)v1 , (3.5)
assuming κ− − ακ+ > 0. We see that ∆m2(v1) diverges as v1 → ∞. Expressing v2 in terms of
v1, v2 ∼ −e−κ−v1 , we see that the mass function behaves as,
m2(v2) ≈ ∆m2(v2) ∝ | − v2|−
κ−−ακ+
κ− . (3.6)
For κ− − ακ+ > 0, the mass function increases without bound as v2 → 0. The divergence is a
power law divergence. This indicates mass inflation.
Since region I and II together cannot be described by a charged Vaidya solution, we introduce
double null coordinates (U, V ) and determine the metric functions in the mass inflation region.
This analysis is similar to the corresponding analysis for the asymptotically flat case [15]. For
completeness we present it in appendix A. The metric in these coordinates take the form
ds2 = −2e2σ(U,V )dUdV + r2(U, V )dΩ2d−2. (3.7)
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The coordinate system is set up such that the shell S is at U = 0, and on the shell V is same as
the affine parameter λ, cf. 1. Thus, R(λ) := r(U = 0, V = λ). Recall that in region II near the
shell, the coordinate v2 is also proportional to λ, cf. (2.19), therefore
v2 ∝ V. (3.8)
In order to express the radial variable r(U, V ) as a function of U, V we make use of equation
(2.3) close to U = 0, V ≈ 0,
∂r
∂V
∝ ∂r
∂v2
∼= −m2(v2)
r
∝ −1
r
| − V |−
κ−−ακ+
κ− . (3.9)
This equation can be integrated to yield,
r2(U, V ) ∼= (r− − U)2 + 2c1| − V |
ακ+
κ− , (3.10)
where c1 is a constant, and we have used the freedom of choosing the coordinate U appropriately
(see also discussion around equation (A.9) in appendix A). As ακ+/κ− is positive we can Taylor
expand equation (3.10) assuming U and | − V |
ακ+
κ− both to be small. Then the function r is
given by
r(U, V ) = r− − U + c1
r−
| − V |
ακ+
κ− + . . . . (3.11)
From equation (3.11) we see that for fixed V , as U increases the function r(U, V ) decreases. This
corresponds to the fact that the null generators along constant V lines converge after passing of
the outgoing shell S.
To obtain the U, V dependence of the function σ(U, V ) we use the transformation relations
between the metrics (2.1) and (3.7). This gives
e2σ(U,V ) = − ∂r
∂U
∂v2
∂V
. (3.12)
Taking the logarithm of the above equation and expanding (3.10) in Taylor series we get (see
also the corresponding discussion in appendix A),
σ(U, V ) = σ0 + c2U | − V |
ακ+
κ− + . . . , (3.13)
where σ0 and c2 are constants and we have used the fact that at U = 0, V is taken to be an
affine parameter along the shell.
The mass inflation singularity is a null curvature singularity. Certain curvature components
and tidal forces in the freely-falling frame associated to an infalling observer diverge as the inner
horizon is approached; see appendix B for further details. Tidal distortions can be estimated
using the geodesic deviation equation. We find that tidal forces, i.e., the second time derivative
of tidal distortions, grow as
| − V |−2| − V |
ακ+
κ− . (3.14)
Integrating this expression twice, we see that tidal distortions remain finite as V approaches
zero.
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3.2 Logarithmic fall-off
In this sub section, motivated by the Holzegel and Smulevici [22] analysis, we consider a simple
minded model where the asymptotic form of the mass function δm1(v1) falls-off as (log v1)
−2,
δm1(v1) ∝ (log v1)−2. (3.15)
Admittedly, this model misses many features of the Holzegel and Smulevici analysis, but it
captures the key point that the decay is logarithmic. With these assumptions we analyse the
nature of the mass inflation singularity in the following.
To determine R(v1) as a function of v1, as before we Taylor expand M(R(v1)) in equation
(2.22) around r = r−. We take
R(v1) = r− + δR(v1), (3.16)
to get,
d
dv1
δR(v1) ≈ 1
rd−3−
[
−κ−rd−3− δR(v1) + δm1(v1)
]
. (3.17)
With (3.15) as the fall-off for the mass function, to leading order in the inverse powers of v1, we
have
δR(v1) ≈ δm1(v1)
κ−rd−3−
∝ 1
κ−rd−3− (log v1)2
. (3.18)
This relation allows us to deduce an expression for mass of the shell, cf. (2.20). Using
equation (2.18),
∆m(v1) ≈ −Z2dR(v1)
dv1
v˙1(λ) ∝ exp (κ−v1)
κ2−r
d−3
− v1(log v1)3
. (3.19)
Equivalently, in terms of the affine parameter λ along S,
∆m(λ) ∝ |λ|−1|(− log |λ|)|−1|(log | log λ|)|−3. (3.20)
Using (2.19), we see that the mass function to leading order takes the following form in region
II,
m2(v2) ∼= ∆m(v2) ≈ |v2|−1|(− log |v2|)|−1|(log | log v2|)|−3. (3.21)
Expression (3.21) clearly shows the divergent behaviour of the mass parameter in region II as
the inner horizon is approached. This is mass inflation.
In this case also we can easily determine a regular set of coordinates in the mass inflation
region. Doing an analysis similar to what is done in the previous sub section we find,
r2(U, V ) = (r− − U)2 + 2d1 1
(log | log |V ||)2 , (3.22)
where d1 is another constant. As (log | log |V ||)−2 is small near V ≈ 0 we can perform a double
Taylor expansion of (3.22) to obtain
r(U, V ) = r− − U + d1
r−
(log | log |V ||)−2 + . . . . (3.23)
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Similarly, σ(U, V ) can be determined using relation (3.12) and expanding (3.22). This gives,
σ(U, V ) = σ0 + d2U(log | log |V ||)−2 + . . . , (3.24)
where d2 is yet another constant.
This completes the determination of a set of regular coordinates in the mass inflation region.
In this case also the metric functions remain finite, but certain curvature components and tidal
forces in the freely-falling frame associated to an infalling observer diverge as the inner horizon
is approached; see appendix B for further details. As before, tidal distortions can be estimated
using the geodesic deviation equation. We find that tidal forces grow as
| − V |−2 × |(− log | − V |)|−1 × |(log [| − log | − V |)] |−3. (3.25)
Integrating this expression twice, we see that near V = 0 tidal distortions remain finite.
For the logarithmic fall-off case the mass inflation is stronger than the power law case in the
sense that the mass function inflates faster as the inner horizon is approached. This is evident
from the expressions for m2(v2), cf. (3.21) and (A.5). In the exponential case on the other hand,
the growth rate depends on the numerical value of α. In the limit when α is zero, the growth
rate of the mass function is fastest, cf. (3.6).
4 Conclusions
In this paper we have initiated a systematic study of classical internal structure of black holes
in AdS spacetime. After reviewing the set-up of the Ori model, we implemented it in the global
AdS context. The construction proceeds by gluing two charged Vaidya spacetimes across an
outgoing null shell. The first key element in our analysis is the matching of the two Vaidya
coordinates v1 and v2 of the two regions across the shell. The second key element – required as
an input – is the fall-off behaviour of the mass-function in the external Vaidya spacetime. In this
paper we analysed the exponential as well as the logarithmic fall-off functions. In both cases we
found that the mass inflation phenomenon happens, and that the mass inflation singularity is a
weak singularity. In fact, we believe that as far as the Ori model is concerned these features are
more or less universal.
Since the mass inflation singularity is weak, it is very intriguing that classical continuation
beyond the singularity is not excluded [15, 10]. We hope that our study above will inspire further
more detailed study of these questions. Numerical simulations and mathematical analysis can
help us to understand the mass inflation singularity better. In this work we have not analysed
the mass inflation singularity for BTZ black holes or for planar AdS black holes. In these cases
the fall-off behaviour of the mass function in the external Vaidya spacetime will be different
compared to the cases studied above. It will be interesting to analyse these cases and relate
them to AdS/CFT discussions. We hope to address some of these questions in our future work.
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A Ori model: further details
The considerations of section 2 above are quite general. In this appendix we use that set-up
to review the mass inflation phenomenon for asymptotically flat black holes and provide some
details on the calculations from Ori’s paper [15]. To obtain the asymptotically flat limit of
relevant equations from section 2 we simply take l→∞.
For asymptotically flat boundary conditions Price’s law tells the late time behaviour of
δm1(v1) to be [12, 13],
δm1(v1) ∝ 1
vp−11
, (A.1)
with p ≥ 12 [11]. Therefore, to leading order in the inverse powers of v1, equation (2.24) is
solved to be
δR(v1) ≈ δm1(v1)
κ−rd−3−
. (A.2)
This relation allows us to deduce an expression for mass of the shell, cf. (2.20). Using
equation (2.18),
∆m(v1) ≈ −Z2dR(v1)
dv1
v˙1(λ) ∝ Z2 (p− 1) exp (κ−v1)
κ2−r
d−3
− v
p
1
. (A.3)
Equivalently, in terms of the affine parameter λ along S,
∆m(λ) ∝ |λ|−1(− log |λ|)−p. (A.4)
In terms of v2, the mass function to leading order takes the form,
m2(v2) ∼= ∆m(v2) ≈ |v2|−1(− log |v2|)−p. (A.5)
Expression (A.5) clearly shows the divergent behaviour of the mass parameter in region II as
the inner horizon is approached.
As the overall geometry cannot be described by a charged Vaidya spacetime, it is convenient
to introduce double null coordinates and write the full spacetime metric as
ds2 = −2e2σ(U,V )dUdV + r2(U, V )dΩ2d−2, (A.6)
where the metric functions σ(U, V ) and r(U, V ) are to be determined. We require that the
shell S is at U = 0, moreover that on the shell V is same as the affine parameter λ. Then,
R(λ) := r(U = 0, V = λ). In region II near the shell, the coordinate v2 is also proportional to
λ, cf. (2.19), therefore
v2 ∝ V. (A.7)
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Now we turn to determine the solution in the mass inflation region. For this we have to
express r and σ as functions of U and V . We can find the V dependence of r(U, V ) in the mass
inflation region (the vicinity of U = 0, V = 0) by using the relation (2.3),
∂r
∂v2
∝ ∂r
∂V
∼= −m2(v2)
r
≈ − 1
r|V |
1
(− log |V |)p , (A.8)
where we have used the fact that near V = 0 the mass function (A.5) diverges and the radial
variable r remains finite. Equation (A.8) can be integrated to give
r2(U, V ) = 2k1(− log |V |)1−p +H(U). (A.9)
The arbitrary function H(U) reflects the freedom in choosing the U coordinate, and k1 is a
proportionality constant. We choose
H(U) = (r− − U)2, (A.10)
therefore,
r2 = (r− − U)2 + 2k1(− log |V |)1−p. (A.11)
Now we assume that both U and (− log |V |)1−p are small — and the smallness is of the same
“level”. Then Taylor expansion gives,
r(U, V ) = r− − U + k1
r−
(− log |V |)1−p + . . . . (A.12)
The above expression is same as equation (16) of Ori’s paper [15].
To find σ(U, V ) we use the coordinate transformations from (r, v2) set of coordinates to
(U, V ) coordinates. This gives,
e2σ(U,V ) = − ∂r
∂U
∂v2
∂V
. (A.13)
Taking the logarithm of the above equation we have,
2σ(U, V ) = log
[
− ∂r
∂U
dv2
dV
]
. (A.14)
Using (A.11) and Taylor expanding to third order we find
σ(U, V ) = σ0 + k2U(− log |V |)1−p + . . . , (A.15)
where σ0 and k2 are constants and we have used the fact that at U = 0, V is taken to be an affine
parameter along the shell. Together with equation (A.12) this completes the determination of
the geometry in the mass inflation region. Equations (A.12) and (A.15) were stated in Ori’s
paper without any details. The above details fill-in this gap in the literature 5.
5We are grateful to A. Ori for a detailed discussion on this point.
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B Strength of the mass inflation singularity
In this appendix we address the question of the strength of the mass inflation singularity. Let
us consider a freely falling observer with velocity vector uα in background (3.7) approaching the
inner horizon V = 0. The freely-falling frame associated to the observer is
eα(0) = u
α =
e−σ√
2
(
1/uV , uV , 0, 0, . . .
)
, (B.1)
eα(1) =
e−σ√
2
(−1/uV , uV , 0, 0, . . .) , (B.2)
eα(2) =
(
0, 0,
1
r
, 0, . . .
)
, (B.3)
eα(3) =
(
0, 0, 0,
1
r sin θ
, . . .
)
, (B.4)
eα(4) = . . . ,
...
with uα = dx
α
dτ , where τ is the proper time. This frame is parallel transported along the timelike
geodesic of the observer.
If the deviation vector connecting a point in a test body to its centre of mass is denoted by
α, then the geodesic deviation equation tells us
D2α
dτ2
= −Rαβγδuβγuδ. (B.5)
We consider the body to be spacelike, so we project α along the spacelike vielbeins, and define
xi = e(i)α 
α, i = 1, 2, . . . , d− 1. (B.6)
Since e
(i)
α are parallel transported along the geodesic, the geodesic deviation equation implies
D2xi
dτ2
+Kijx
j = 0, (B.7)
where
Kij = Rαβγδe
α
(i)u
βeγ(j)u
δ. (B.8)
These are equations (5) and (6) of reference [14]. A direct calculation allows us to find various
components of Kij . We find
K11 = −2e−2σσ,UV , (B.9)
K22 =
e−2σ
r
[
r,V σ,V (u
V )2 − r,UV + r,Uσ,U
(uV )2
− 1
2
(
r,V V (u
V )2 +
r,UU
(uV )2
)]
, (B.10)
K33 = K44 = . . . = K22. (B.11)
In order to proceed we need to find the relation of uV to proper time τ . The geodesic
equation gives
duV
dτ
+ ΓVV V
(
uV
)2
= 0, (B.12)
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where
ΓVV V = 2σ,V . (B.13)
A solution to this system (near V = 0 in all cases of interest) to leading order is V ≈ τ . With
this one finds that in the limit V → 0, the leading divergence in K22 is V −2 |log | − V ||−p for
the power law fall-off [15]. For the exponential fall-off case we get,
K22 ∝ | − V |−2| − V |
ακ+
κ− , (B.14)
and similarly, for the logarithmic fall-off we get
K22 ∝ | − V |−2 × |(− log | − V |)|−1 × |(log [| − log | − V |)] |−3. (B.15)
In all cases, two integration of (B.7) gives a V dependence that goes to zero as V goes to zero.
Therefore, in all cases, tidal distortions are finite – the mass inflation singularity is a weak
singularity; continuation beyond it is classically not forbidden [15]. Naturally, this is related to
the fact that the metric functions σ and r as well as the metric determinant all remain finite at
V = 0, but their V derivatives are not necessarily finite.
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